SIGNED FUNDAMENTAL DOMAINS FOR TOTALLY REAL 

NUMBER FIELDS 

FRANCISCO DIAZ Y DIAZ AND EDUARDO FRIEDMAN 

Abstract. We give a signed fundamental domain for the action on R™ of the 
totally positive units E + of a totally real number field k of degree n. The domain 
{(Co-, Wo-)} ct is signed since the net number of its intersections with any i? + -orbit 
is 1, i. e. for any x E R™, 

w <?XcA £x ) = L 

ctGS„_i e£E + 

Here \c a is the characteristic function of C a , w a = ±1 is a natural orientation of 
the n-dimensional /c-rational cone C a C R™ , and the inner sum is actually finite. 

Signed fundamental domains are as useful as Shintani's true ones for the pur- 
pose of calculating abelian L-functions. They have the advantage of being easily 
constructed from any set of fundamental units, whereas in practice there is no 
algorithm producing Shintani's fc-rational cones. 

Our proof uses algebraic topology on the quotient manifold R™ / E + . The invari- 
ance of the topological degree under homotopy allows us to control the deformation 
of a crooked fundamental domain into nice straight cones. Crossings may occur 
during the homotopy, leading to the need to subtract some cones. 
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I. Introduction 

Explicit fundamental domains are hard to come by. In his 1976 work on special 
values of abelian L-functions attached to a totally real number field k, Shintani 
found a fundamental domain for the action of the totally positive units E + of k on 
jghlj |N eu | §VII.9] consisting of a finite number of fc-rational cones of varying 
dimensions. Shintani's work was quite influential but suffered from a lack of control 
over the cones involved. This differed from the quadratic case, where a fundamental 
domain is easily described once the fundamental unit is known. 

For totally real cubic fields the situation is almost as simple as for quadratic fields 
[TVj (see also [HP] |DF] ). In the general case, the best result is due to Colmez 
[Col]|Co2] . Given independent totally positive units ei, ...,e n _i, he defined {n — 1)! 
explicit /c-rational cones C a = C a (ei, ...,e n _i). If these units satisfy certain geomet- 
ric conditions, Colmez proved that the union {C a \ of his cones is a fundamental 

n 

domain for the action on Wl of the group generated by the EiU 

Colmez also proved the existence of special units satisfying his conditions, but 
he gave no algorithm to find them, nor any upper bound on the index in E + of 
the subgroup generated by his units. To remedy this ineffectiveness, we introduce 
"signed" fundamental domains. 

When the {Co-}^ constitute a true fundamental domain, the number of intersec- 
tions of any orbit with the union of the C a is 1, i. e. 

o- seE + 

where \c a * s ^ ne characteristic function of C a . In the case of a signed fundamental 
domain { (C a , w a ) } we have 

o- eeE+ 

where w a = ±1 is a sign assigned to each cone C a . In other words, the net number 
of intersections of any orbit with the C a is 1. 

Using algebraic topology we show, for any set of fundamental positive units, that 
there is a natural choice of signs w a = ±1 for which the Colmez cones {CVj^ are a 
signed fundamental domain. As a consequence we obtain Shintani-like formulas for 
abelian L-functions without finding special units. 

1 To be quite precise, Colmez originally also needed somewhat less explicit lower dimensional 
cones along the boundary of the C CT . Later, in unpublished lectures, he made the boundary 
components explicit (see (j4|) below). 
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We now give a precise definition of w a and C a . Here a runs over all permutations 
of {1, 2, . . . , n— 1}. Let n : k — >■ R (1 < i < n) be a complete set of embeddings of fc, 
and regard ^ C M" by identifying x E k with (o^ 1 -*, x^ 2 -*, . . . , x^) G R n , where x^ 1 ' = 
Ti(x). A unit £ G -E+ acts on x G R™ := (0, oo) n by component-wise multiplication, 
(e • xp 1 ' = eW^W. We assume given independent totally positive units e±, ...,e n _i, 
and let V C -E+ be the subgroup they generate. To avoid trivialities, assume k ^ Q. 
After Colmez, define 

i-l 

/t,cr := eo-(i)£<7(2) ■ • • e<r(i-i) = Mi) (1 < * < n, a G S^-i, / il<T G i£+ C R+). 

i=i 

(1) 

For i = 1 we mean / 1(7 := 1 = (1, 1, . . . , 1) G R™. Define w a = ±1 or as 

w . = (-l) n ~ 1 Sgn((T) ■ sign(det(/i i(T , f 2 ,a, ■ ■ ■ , / w ,<r)) ^ 

sign(det(Log £ h Log e 2 , • • • , Log £„_i)) 

where sgn(cr) is the usual signature (i. e. ±1) of the permutation a, Log Si G M n_1 , 

(Log £j) := log (1 < j < n — 1), and sign(det(t> i, v 2 , ■ ■ ■ , v q )) is the sign 
of the determinant of the q x q matrix having columns t>j. The determinant in the 
denominator of (j2j) is the "signed regulator" of the independent units S\, 82, ■ ■ ■ , £ n -i, 
and so non-zero. 

For a G 5 n _i with w a ^ 0, the closed cone C a := Ym=i ^>o ' c ^+ U nas 
a non-empty interior. Each bounding hyperplane 

H i>a := J2 R - fi,° (l<i<n, w a ^0) 

!<?<" 

separates W 1 into two disjoint half-spaces, 

R B = U H U #r , (3) 

where is the half-space containing /j. CT H Fix one of the n standard basis vectors, 
say e n := [0, 0, . . . , 0, 1] G W 1 . Following Colmez (unpublished lectures), define the 
cone C a to consist of all points z G C a for which the line segment from e n to z 
"pierces" C a , i. e. contains an interior point of C a . Thus, C a consists of all points 
in the interior of C a , together with some boundary pieces. Explicitly, 

Co- — Cct( £ 1) £ 2j • • • 5 e n-l) 
Ri,cr = Ri,(j(ei, £2, • • • , £n-l 

This makes sense since e n lies in no boundary hyperplane H i a (see Lemma [9]). 

2 For v e R™ we can easily compute whether v £ . On the right-hand side of ([2} replace the 
single column /j )Cr by n £ R™ to obtain a function u — > Wi tCr (v), vanishing on Hi a and taking the 
value ±w a on H ia . Alternatively, if we write v = 2iLi c i/i,er, then w G if and only if Cj > 0. 



KL,o- ' /l,<7 + R2,<t • / 2 ,(t + • • • + R n ,o- " /n,cr, (4) 
(0, 00) if e n G , 
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Theorem 1. Let k be a totally real number field of degree n > 2, and suppose 
£i,...,£„_i generate a subgroup V of finite index in the group of totally positive 
units of k. Then the signed cones {(Cg,^)}^ defined in (j2J) and fll]) give a 
signed fundamental domain for the action of V on := (0, oo) n . That is, 

E E 1 - E E 1 = 1 (* eK " + ). w 

uv=+i zeCo-nv-x w a =— i ^gCctHV-x 

and all sums above are over finite sets of cardinality bounded independently of x. 

We prove Theorem 1 by interpreting the left-hand side of fl6]) as a sum of local 
degrees of a certain continuous map F : T — » T between a standard (n — l)-torus 
T and the (n — l)-torus T coming from the quotient space = Tx R + . By a 

basic result in algebraic topology, this sum of local degrees equals the global degree 
of F. We compute this global degree to be 1 by proving that F is homotopic to an 
explicit homeomorphism Fq of the tori involved. To make the proof more accessible, 
we have included a short section summarizing the basics of topological degree theory. 

During the homotopy from Fq to F the intermediate maps F t remain surjective, 
but not necessarily injective. Injectivity fails if the interior of the cones C a intersect, 
leading to the need to subtract some cones. 

The condition |Col] for Colmez's special units is w a = +1 for all a G S n -\. If 
this holds, then V ■ x must intersect one and only one of the C CT 's. Hence we have a 
a new proof of his result. 

Corollary 2. (Colmez |Colj ) Suppose w a — 1 for all a G S^-i, then C a is a 

true fundamental domain for the action ofV on . 

In fact, we get a slight generalization, as it suffices to assume w a ^ — 1 for all a. 
Then \} Wa ^C a is still a true fundamental domain. 

We now apply signed fundamental domains to the computation of L-functions. 

Corollary 3. Let di, . . . , <\h+ be any set of integral ideals representing all the narrow 
ideal classes of a totally real field k of degree n>2 and narrow class number h + , let 
X be a ray-class character of k, and let the ideal f be the finite part of the conductor 
of x- Then, for any set E\, e n -\ of generators of the group of totally positive units 
of k, we have 

h+ 

L(s, X ) = J2 N ^fy S E w ° E x{^)a,f)C(s,z), (7) 

3=1 °-eS„-i zeR°(arf) 

where (z) denotes the principal fractional ideal generated by z G k, 

oo n n i— 1 

C(s,z):= ? ' • E "'<■/-) ^ (Re( S )>l, A ff :=n^)) ; 

mi,...,m n =0 j=l i=l £=1 
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is a Shintani zeta function |Shl] |FR] , 

n 

R a (a) =R a (a;e 1 ,...,e n ^i) := {z E a- x \z = ^2tif itCT , U G h,*}, (8) 

i=l 

I ha : = [0, 1) if e n G #+ CT (see ©), := (0, 1] if e n G flT . (9) 

Here x is not necessarily primitive, it is extended by to all integral ideals of k not 
relatively prime to f, and the narrow class group Cl + is understood in its strictest 
sense, i. e. an ideal a represents the trivial class in Cl + iff a = (z) for some z G k* 
which is positive at all embeddings of k. Note in (JS} that ti G Q since the /j )(T are a 
Q-basis for k when ^ 0. The sets -R CT (o) are finite since a -1 C W 1 is discrete. 

Among the various expressions that Shintani gave for abelian L-functions, (j7|) 
closely resembles the one he published for real quadratic fields [Sh2, Lemma 3]. In 
$3] we also give a formula for ray class zeta functions, analogous to ((Tj). 

We are very grateful to the referee for supplying us with an elegant proof of 
Lemma [9] below and for nudging us into simplifying our treatment of the boundaries 
of the cones. 

2. Signed fundamental domains 

Definition 4. A signed fundamental domain {(Xi,Wi)}i for the action of a group 
G on a set X is a finite sequence of subsets Xi C X and weights W{ G C for which 
there exists a constant K G M, such that for all x G X the cardinality |JQ D G • x\ < 
K (1 < i < m), and 

m 

\Xi n G ■ x\ = 1. 

1=1 

Note that if Y C X is a G-subset, i.e. g ■ y G Y for all y G Y and g G G, 
and {(Xi,Wi)}i is as in Definition HI then {{Y nXi,Wi)}i is a signed fundamental 
domain for the action of G on Y. 

Lemma 5. Suppose 

(1) X is a topological space on which the countable group G acts by homeomor- 
phisms. 

(2) {(Xi,Wi)}i is a signed fundamental domain, with each Xi a Borel set (1 < 
i < m). 

(3) [i is a positive G-invariant Borel measure (so n(g ■ A) = n{A) for any Borel 
set A C X and any g G G). 

(4) f '■ X C is a Borel-measurable G-invariant function (so f(g ■ x) = f(x) 
for any x G X and g G G). 

(5) The Borel set F is a true fundamental domain for G acting on X and 
! F \f{x)\dn {x) < co. 

Then f x \f(x) \ d/j,^ < oo (1 < i < m) and 

/ f(x) dfi( x ) = / f{x)dn( x) . 



6 FRANCISCO DIAZ Y DIAZ AND EDUARDO FRIEDMAN 

Proof. Let Xi be the characteristic function of Xj. As F is a fundamental domain 
for the action of G on X, 

(g • F) = X (countable disjoint union), Xi(d ' x ) = I^Q H G • x\ < K, 

geG g&G 

with K as in the definition of a signed fundamental domain. We have then 
/ \f(x)\d{J'(x)= \f{x)\xi{x)dii {x) = V / \f(x)\xi(x)dfi (x) 

= Yl / \f(9-x)\Xi(g-x)dfx {x) = ^2 \f( x )\ Xi{9 

gdG Jp g&G^ F 
= / y^Xi(<7-»)) / |/(s)|d//(a,) < OO 

proving the first claim in the lemma. Similarly, 



x) 



/ f( x )(^2xi{g-xy)dfA ix ) = ^2 f( x )Xi(g ■ x )dfx ix) 
F geG geG^ F 

Y f(g- x )xi(g- x )dfi {X ) = ^2 f( x )xi( x )d^( X ) 



9&3r" r geG 



f(x)xi( x )dfx {x) = f(x)dfi( x ). 

X JXi 



By Definition HJ ]T™ i w i E 9G g Xi{g ' x ) = 1, so 



/ f{x)dii {x) ^^Wi i f{x)(^Xi{g ■ xudiifr) = ^2,Wi I 

J F i=l J F g£G ' 1=1 



f(x)dfi( x y 



□ 

3. Proof of corollaries of main theorem 

We first prove Corollary [21 which we do not repeat here. Let x be a character of 
the ray class group of k with conductor foo, where oo is the formal product of all 
the archimedean places of the totally real field k. The (not necessarily primitive) 
L-function attached to x is L(s,x) '■= J2bX(b)Nb~ s , where Re(s) > 1, b ranges 
over all integral ideals of k, N is the absolute norm, and x(b) := if b is not prime 
to f. Recall that we regard k C MJ 1 . Let F C be any true fundamental domain 
for the action of E + on IR™ . We can pass from sums over ideals b to sums over lattice 
elements 7 £ F since for each b there is a unique j (1 < j ; < h + ) and 7 £ a^ 1 f 1 f)F 
such that b = (j)djf. 

By Theorem [1] and the remark following Definition HJ {(C CT fl f -1 , ffig)}^ is 

a signed fundamental domain for the action of E + on Xj := ci~ 1 f~ 1 fit™. Similarly, 
F fl Xj is a true fundamental domain for the action of E + on Xj. Applying Lemma 
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[5] to the discrete space Xj, group E+, counting measure \i and invariant function 
/(7) :=x((7)a,f)N( 7 )- s , we find 
h + 

L(s, X ) = J2 N ( a ^y S / x((7)orf)N(7)-dA*<7) (Re(«) > l) 

^+ » 
= ^N(a,f)- s £ wj X ((7)a J f)N( 7 )- s rf / a (7 ). 
i=i <t6S„_i Jc„nXj 

Thus, to prove Corollary [3] we must show 

E x((7)o*f)N(7)-= E x((zKf)CM (Re( S )>l). (10) 

This was done by Shintani |Sh2] . but we include the details here for completeness. 
Recall from (Tj0) that C a := Ya=i^,o ' fi,°-> w h ere /i> £ E+ an d ^%,<t '■= [0, oo) if 
e n G Mj iCr := (0,oo) if e n G Hr a . Any 7 = YiVifi,* E c <? can be uniquely 

written as 7 = Y^i^hu + J2i m ifi,>n where £ Z, m; > 0, and ^ G [0,1) or 
ti G (0, 1] according to whether e n G .ff^ or not (i. e. in the notation of (jSJ), G ii j(T ). 
Conversely, any such ^ and mj define a 7 G C a . Note that Yi m ifi,a e a 7 1 f _1 s i nce 
/i )(J G C aj f _1 , as a.j and f are integral ideals. Hence 

n n n 

z := E^-<t G 7 := ^2vifi,a e O^f -1 (7-2 = E m ^> CT )' 

8=1 j=l j=l 

Hence to prove ({10]) it suffices to prove x((7) a if) — x(( z ) a jf)- 

Note that when 7 G aj f -1 , the integral ideal (7)0^ is relatively prime to f if 
and only if (z)djf is. If either ideal has a common factor with f, we trivially have 
x{( z ) a jf) = = x({j) a jf)- So assume that (z)djf is relatively prime to f. Then 

((7)a i f)((^)a i f)- 1 = (jz- 1 ) = (l + z-'^m,/,,,). 

i 

At primes p of k dividing f, the valuation OTd p ((z)(ijf\ = 0. Hence at such primes, 
ordpjV 1 E m */*^) = ordp^ajf^niifi^ >ord p (a i f) >ord p (f). 

i i 

As 1 + z^ 1 J2i m ifi,v * s totally positive, X\(l) a jf) = x{( z ) a jf) by definition of the 
ray class group with conductor foo |Neu| p. 365]. □ 
Next we prove an expression for the zeta function ((s,a) := Yb€a^^~ S attached 
to a ray class a modulo foo. Here b runs over all integral ideals in a, and the ray 
classes are again taken in the strictest sense, i. e. foo is the formal product of an 
integral ideal f with all n archimedean places of the totally real field k. 

Corollary 6. Suppose rji, . . . , rj n _i generate the group EJ~ of totally positive units of 
k which are congruent to 1 modulo f, let a G a be an integral ideal and let Znf =: fL, 
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with f G N. Then 



C(s,a) = NcT s Y, w ° E ( Re ( s ) > X )' 

<reS„_i zG-Rf 



w/iere 

oo n n 

cr(«,*):= e n(^ )+ /E m ^s) _s (^ : =nv4 

mi....,m n =0 j'=l i=l 

n 

1 2 g 1 + a _1 f| 2 = /y^gy, g 



•^0 



1=1 

[0, 1) if r, > when we write e n = [0, . . . , 0, 1] = £)? =1 rj#,>, 
(0, 1] otherwise. 

Proof. Using a fundamental domain Ff for the action of on R™, we re- write the 
sum over b defining ((s, a), letting b = 0(7), where 7 G 1 + a -1 f and 7 G Ff. From 
here on we proceed as in the proof of Corollary [3j replacing o~ 1 f~ 1 by 1 + a -1 f, 
F by Fj, and _E + by E^~. The definition of Jj )CT in Corollary [6] differs formally from 
the one given in ([9]) because this time we used footnote [2] to describe the hyperplanes 
determined by the faces of the cone C a (771, ... , In the proof of Corollary |6] we 

need not worry about character values, but we must use generators of C a in a _1 f, 
hence the need for the fg^ a . □ 

4. From cones to polytopes 

Since we are interested only in cone domains, signed or not, it is natural to consider 
the action of V on the set C of half-lines in R" emanating from 0. The action by 
e G V takes half-lines to half-lines, so one easily sees that a fundamental domain 
for the action of V on £ automatically yields a cone fundamental domain for the 
action of V on R™ , and conversely. In this section we extend this old idea to signed 
fundamental domains. 

For n > 2 and x G R n with non- vanishing last coordinate x^ n \ define £(x) G R n_1 

as 

, (1) (2) (n-1). 

£( x ) : = * ±-^) (x6R», xW^O . (11) 

The reason for the usefulness of i is that the intersection of the half-line L x := 
{tx}tm+ with the hyperplane x^ = 1 occurs at the point (l(x),l). For any y G 
R" -1 , the set of x G R™ satisfying = y is exactly the half-line L^xy 
Define 

y := £(y) = (£!,..., c R^ 1 , ei := *( £i ), (12) 
where := (ei, . . . , e n _i) C F+ C R" , as in Theorem [TJ We regard Euclidean space 
as a ring under coordinate- wise multiplication, so V acts on R™ -1 . The next result 
will let us pass from (n — l)-simplices to n-cones in the proof of Theorem [TJ 
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Lemma 7. If {(ji,Wi)}i is a signed fundamental domain for the action of V on 
R+ _1 , then {(Ti,Wi)}i is a signed fundamental domain for the action of V on R™ ; 
where T { := {x G R+| £(x) 

Proof. For x G WL, let us prove that £ induces a bijection between Ti (IV ■ x and 
7i fl V ■ £{x). Indeed, since £{e ■ x) = £(e) ■ £(x), it is clear that £ maps Ti fl V ■ x 
surjectively onto % fl V ■ £{x). If £{e ■ x) = £(e' ■ x) for e,e' G V, then £(£~V) = 
l n _! := (1, 1, . . . , 1) G E^ 1 . But 5( 2 ), . . . , <JW)) = l n _! implies $W = = 

• • • = <j( n ). For 5 G this means 5 = 1, as Yli=i $ = 1- Hence £ is injective on 
V ■ x (for a; fixed). The lemma now follows directly from Definition 0] of a signed 
fundamental domain. □ 

We shall apply the next lemma to relate a cone in R™ with the polytope resulting 
from its intersection with the hyperplane x^ n ' = 1. 

Lemma 8. Suppose x, T , Ti, . . . , T h G R n all have non-zero last coordinate. If 
x = ^LoQ^i with Ci G R, then £(x) = Ei=o^C^)> where b{ = c(r\ /x^ n \ and 
Ei=o h — 1- Conversely, if £{x) = Ei=o^C^)> where Ei=o^ = 1 and &i G R, inen 
x = Ei=o c *-^' where Ci = x^bi/T^ . In particular, if > (0 < z < /i) and 
a;*™) > ; tnen q > if and only if b{ > 0. 

Proo/. For T G R n with T^ ^ 0, definition (ITT]) of £ gives the obvious identity 

T = (T (1) ,...,T (n) ) = T (n) (£(T),l). 

If x = Yli=o c i T h then x w = ^£=0 Hence 

h h 



^ i=0 i=0 i=0 



7i cT (n) /T (1) T (2) T (n_1) \ 71 cT (n) h 

i=0 J i J i 1 i i=0 i=0 

As = Eto c ^ (n) > we have E< h i = Ei(ci^ (n) /s (n) ) = i- 
Conversely, if = Ei=o^( r i) witn Ei=o & i = then 

h h h 

x = x^(£{x),l) =x^(Y^b i l{T i ),l) = X W>(Y d b i l(T&Y d b % ) 

i=0 i=0 i=0 

h h ( n ), h ( n ), 

= £ ^(/pj), i) = E y 1 fl" « r <)> ') = E^ = E 

i=Q i=0 "'i «=0 -'j i=0 



□ 



The next lemma, on taking Q = Q, R = R and & a totally real number field 
shows that a standard basis vector cannot line up with any face of a fc-rational cone 
i. e. e n H^ a for 1 < i < n and a G S n -\ as claimed after (jSJ). 
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Lemma 9. Let Q C k C R be a tower of fields, with k/Q a finite separable extension. 
Let Vi,V2, ■ ■ ■ ,Vi G k with £ < n := [k : Q], let n : k — >• R be the n distinct field 
homomorphisms of k into R fixing Q (1 < i < n), and define J : k — )■ R n by 

(j(v))^ := Ti(v) for v G k. Then e n := [0, 0, ... , 0, 1] G R n is not contained in the 
R-subspace R ■ J{v x ) + R ■ J(v 2 ) H \- R ■ J{v e ) C i? n . 

Proof. Since k/Q is separable and £ < n, there exists a nonzero x G A; such that 
Tr fc /Q(xfj) = for i = 1, Let ip '■ R n ~ ► R be the .R-linear map given by dot 
product with J(x). Then ip(vi) = Tr fc /g(xt>j) = 0, whereas ip(e n ) = r n (x) ^ 0. Thus 
e n is not in the i?-span of the V{. □ 

We can now describe the simplices c a that result from intersecting the cones C a 
with the hyperplane x^ n ' = 1. Let 

n— 1 n— 1 

^ := jy G K" _1 |y = J^&iW> X] &i = 1 ' &i G l7i > CT } (o- e S n ^, w a ^0), 



i=0 i=0 



(13) 



Vt,a:=^(/<+l,«r), , n ., rr- (0<Z<71-1). 

[(0,1] if e n G # i+li<T , 

Note the annoying index shift between (j3J) and (1131) . tpi^ '■ — &(fi+i,a)- 
The next result restates Theorem [1] in terms of the c a . 

Proposition 10. If {(c CT , w a )} w is a signed fundamental domain for the action 

of V on R™ -1 (see (fT2l) ) . then {(C CT , toj^ is a signed fundamental domain for 
the action of V on M" . 

Proof. Lemma [7] shows that we must only prove C a = {x G IR"|£(x) G c CT }. So 
suppose x G Co-. Then x = Yli=i c ifi,<n where Cj > if e n G Hf a , but q > if 

e n G (see g]) and ©). Note f$ > (1 < i < n) and > 0. Lemma El 
shows 

n— 1 n— 1 

£(x) = J2 b Wi,°> I> = 6 « = Wfil jCT /z (n) ^ (0 < * < n - 1), 

i=0 i=Q 

from which it is clear that 6j < 1. Since 6, = is possible only if q + i = 0, i. e. 
e n G H+ +l a , we have £(x) G c CT . Thus, C a C {x G 1R™ | £(x) G c CT }. 

To prove the reverse inclusion, suppose x G and £(x) = X^o* bi<Pi, a G c CT . 
Lemma El and (TT3T) show that x = J^ILi c ifi,v> with q = 6j__iX^ (1 < i < n). 
Thus Q > 0, with equality possible only if e n G Hf a . Hence x G C^, as claimed. □ 

5. The piecewise affine map 

In the previous section we reduced the proof of Theorem [1] to proving that the 
simplices c a give a signed fundamental domain. After some affine preliminaries, in 
this section we interpret Ucre5 n _i as ^ ne i ma g e /([0, l]™" 1 ) of a hypercube by a 
(continuous) piecewise affine map. Each c a = f(D a ) for a simplex D a C [0, l] n_1 . 
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Then we show that the difference between c a and its closure c CT can be interpreted 
in terms of "simplex piercing." 

5.1. Polytopes and afRne maps. If wq, . . . , w r are elements of a real vector space 
W, the (closed) polytope they generate is the set of convex sums 

r r 

P = P(w ,...,w r ):=[weW\w = J2 b i^ b i>^ J2 bi = 1 >}- ( 14 ) 

i=0 i=0 

In general, if w G W and 

r r 

w = Y^ biWi, bi G R, b i = ( 15 ) 

i=0 i=0 

the bi are called barycentric coordinates of w with respect to wq, . . . , w r . They 
are uniquely determined if and only if the r vectors {u^ — Wj}o<i< r are R-linearly 

independent (for any fixed index j G {0, 1, . . . , r}). Then we call wo, ■ ■ ■ , w r affinely 
independent and P = P(wq, . . . , w r ) an r-simplex with vertices Wi. Vertices are 
uniquely determined (up to re-ordering) by the r-simplex P C If dim(iy) = r 
and the r + 1 vertices of W are affinely independent, we call them an affine basis of 
W . In this case we write bi(w) for the bi in ffTBI) . Barycentric coordinates satisfy 

bi({l-t)x + ty) = {l-t)bi{x)+tbi{y) (teR, x,yeW, 0<i<r). (16) 

A face of a polytope P = P(w , . . . , w r ) for us is a subset 



0<i<r 0<i<r 



The affine subspace hj containing Pj is 



hj :-- 



[w eW\w= ^hwi, bi G R, ^6i = l,}. (17) 



0<i<r 0<i<r 



An affine map A : W — >■ W 7 ' between real vector spaces has the form A(w) = 
g + for a unique g = A(0) G W 7 ' and a unique linear map L : W —> W, called 
the linear part of A. If wq, . . . , w r is an affine basis of W and p , . . . ,p r are arbitrary 
elements of W, there is a unique affine map A : W ^ W such that A(wi) = Pi for 
< i < r. Indeed, let L be the unique linear map such that L{wi — w ) = Pi — p 
for 1 < i < r, and set q = p — L(w ). Then A{w) = q + L(w) is the required affine 
map. Its uniqueness is clear. 

If w G W has barycentric coordinates bi (0 < i < r) with respect to Wo, ■ ■ ■ ,w r , 
and A : W W is an affine map with A(wi) = p% (0 < % < r), then the same 6, 
are also barycentric coordinates for A(w) with respect to po, . . . ,p r - They are the 



3 Proof: The vertices Wi are the only elements w € P which cannot be written as w = tv\ 
(1 — t)v2 with v\,V2 S P, Vx^vi, < t < 1. 
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unique such coordinates if and only if the pi are afhnely independent, i. e. if and 
only if the associated linear map L is injective. We record this as 

r r r 

A(wi) = pi (0 < i < r), w = ^2 h{w)w h ^ bi(w) = 1 =>• A(w) = ^ h{w)p u 

i=0 i=0 i=0 

(18) 

valid whenever the Wi are an affine basis of W . An affine map A : W — >■ W is 
bijective if and only if it takes an affine basis of W to an affine basis of W . 

5.2. The Colmez piecewise affine map. Let C = (J. Qi C W be a finite union 
of polytopes Qi inside a real vector space W. If W' is also such a space, we will 
call a map / : C — >■ W piecewise affine if / restricted to each is the restriction 
to Qi of an affine map A{ : W — >■ W. Then, of course, Aj(x) = = /(x) for 

x G QiDQj. Conversely, given polytopes Qi C W and affine maps Ai :W ^ W with 
Aj(x) = Aj(x) for x G QiC\Qj, there is a unique piecewise affine map / : |J i Qi — > W 
restricting to Ai on each Qi. We note that a piecewise affine map is necessarily 
continuous. 

We decompose the unit (n — l)-cube into (n — 1)! simplices according to the order 
of the coordinates, i. e. 

jn-l.= [ 0)1 ]n-l = |J (1Q) 
o-gS„_i 

where for each permutation a of {1, .. . ,n — 1} we set 

:= {x = (x« . . . G I n ~ 1 \ > x( ff < 2 » > • • ■ > x^^}. (20) 

Let ej G R n_1 (1 < i < n — 1) be the 2 th standard basis vector, so has a 1 in the 
i th coordinate and zeroes elsewhere. One checks that the n vertices of D a are 

i 

<t>i,a ■= ^2 e<T ^') (0 < i < n - 1, (p ,a ■= 0), (21) 

3=1 

and that they are affinely independent. 

We return to the context of Theorem [TJ Thus V = (ei, . . . ,£ n -i) C E + is a 
subgroup of finite index in the group of totally positive units of a totally real field 
k of degree n, thought of as embedded in M. n . Recall that we defined in (FlT!) a 
map t : W l - {x^ = 0} -»■ E n_1 , and that V := ^(V) C M^ 1 acts on R" _1 by 
component-wise multiplication. 

For a G SV t _i, define A a : ]R n_1 — > ]R n_1 to be the unique affine map such that 

MM :=( Pi,° (0<z<n-l), (22) 

where ^ iCr := £(fi+i ia ) G M™ -1 , as in ([131) . There we only dealt with a such that 
w a 7^ 0, but here we will need to deal with all a G SVi-i- 

The next proposition shows that the A a can be glued together to get a piecewise 
affine map / on the unit hypercube. 
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Proposition 11. There is a continuous map f : I n 1 — > W\_ 1 with the following 
properties. 

(i) If x G D a , then f(x) = A a (x), the affine map defined in (|22|) . 

(ii) If x & I n ~ l and x + G J n_1 /or some element o/ t/ie standard basis of 
M n_1 ; t/ien /(x + Ci) = Si ■ f(x), where Si := £(&j) (1 < i < n — 1). 

(iii) If x = Y^i=i ^i e i is a ver tex of the cube I n ~ l , then f(x) = YYi=i ^ ■ 

Note that in (iii), hi = 1 or 0, and ef := 1 = l n _i, the identity of the ring R n_1 . 

Proof. Since J n_1 = (J^ D a , to prove the existence of a continuous / satisfying (i) 
we need to show that if x G D a fl D T for a ^ r G if> n _i, then = A T (x). A 

vertex v = (v^\ . . . , t>(™ -1 )) = i cr g D a satisfies 

v t«m = [ l if J<*> (23) 

I otherwise. 

In other words, for 1 < m < n — 1, we have tA m ) = 1 if m = o~(j) for some j < i, 
but f ^ = otherwise. Hence 

i i i n—1 

j=l j=l j=l m=l 

As this last expression is independent of a, we have A a (v) = A T (v) if v is a vertex 
of D a and of D T . But P CTT := Z} CT fl _D T is a <i-simplex (for some 1 < d < n — 2) 
whose <i+ 1 vertices are also vertices of D a and of D T . An affine map on a <i-simplex 
is uniquely determined by its values on the d + 1 vertices, so A a {x) = A T (x) for all 
x G P a:T := D a H D T , proving (i). 

To prove (ii), suppose x G I n ~ x and x + G J n_1 for some 2. This implies 
rrW = 0, so x G -D CT for some a G SVi-i such that a{n — 1) = i (see (1201) ) . Write 
x = Yl^jZo b 3 \4>j, a in the barycentric coordinates associated to D a , so bj > and 

Y^Zi b j = !■ Then = °> for otherwise = x^"" 1 )) > 0. Notice that 
x + e« G -D5-, where 5" G S^-i is given by 

cr(l)=i, o(j) = -(j-1) (2<j<n-l). 

Hence, 

<f>j,tr = + 0j-i jO -, <p j7 <j = ei<pj- ha (l<j'<n-l). (24) 

From this one checks that the barycentric coordinates associated to .D^ giving x + 



arc 



6 =0, &j = (l<j<n-l). 
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By (i), we may use A& to calculate f(x + ei) and A a for f(x). From ( |T8l) and ( 1241) . 

n— 1 n— 1 n— 1 

/(a; + ei) = A a (x + ei) = 22 = ^2 hvif = fy-i^j-V 

j=o i=i i=i 

n— 2 n.— 1 

proving (ii). 

Since /(0) = /(0o,o-) = ^o,<r = ^(/i,<x) = ^(1) = 1, claim (iii) follows from (ii) by 
induction on the number of non-zero coordinates of the vertex. □ 

5.3. Piercing. We now make an ad hoc definition, which we will later use to study 
the boundary of the signed fundamental domain in Theorem [TJ 

Definition 12. Suppose P C W is a subset of some finite- dimensional real vector 
space W . For x,y G W, we shall say that x, y pierces P if y G P and the closed line 

segment x, y connecting x and y intersects the interior P of P. 

Note the asymmetry between the initial point x and the final point y in the above 
definition. The final point must be in P, but the initial point need not be. If x = y, 

o 

piercing is equivalent to y G P. In general, there obviously is piercing if either x or 

o 

y lie in p. Of course, piercing cannot occur if P has an empty interior. 

A practical way of determining piercing for an r-simplex is through the barycentric 
coordinates bi(x) and bi(y). 

Lemma 13. Let W be a real vector space of dimension r, let x G W and let 
y G P — P(wo,Wi, . . . ,w r ), an r-simplex in W . Then x, y pierces P if and only 

o 

ifbi(x) > whenever bi(y) = (0 < i < r). Moreover, if z lies in the interior P of 
P, then so do all points of z~, y, except possibly for y . 

Proof. The interior is 

r r 

P := |w G W | w = ^ bi(w)wj, Y]bj(w) = 1, b^w) > for < % < r|. (25) 

i=0 i=0 

Since y G P by assumption, bj(y) > for < j < r. Assume now that x, y pierces 
P. Then for some to G [0, 1] and all j G {0, 1, . . . , r}, 

&i((l - t )x + t y) = (1 - t Q )b 3 {x) + tobjiy) > 0, 

where we used (1TB|1 . If bj(y) = 0, the above implies bj(x) > 0, as desired. 

Conversely, assume bi(y) = implies h(x) > 0. If bj(y) > 0, then for some tj < 1 
and all tj <t < 1, we have bj((l — t)x + ty) > 0. If bj(y) = 0, so bj(x) > 0, 

bj((l - t)x + ty) = (1 - t)bj(x) + tbj(y) = (1 - t)6j-(x) > (0 < t < 1). 

Taking s := max{i,-} < 1, we have &j((l — s)x + sy) > for all j G {0, 1, . . . ,r}. 

> o 

Thus (1 — s)x + sy G x, ?/ HP, as claimed. 
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o 

To prove the last part of the lemma, suppose z G P, so bj(z) > for j G 
{0,1,..., r}. Then, for < t < 1, 

bj((l - t)z + ty) = (1 - £)6j0z) + t6j(y) > (1 - t)bj(z) > 0, 

o 

showing that (1 — t)z + ty G P, as claimed. □ 
The next lemma is similar, so we omit the proof. 

r 

Lemma 14. Let v i, . . . , v r be a basis of the real vector space W, let C := M>o • Vj 

be an r-cone, y = Y^j=i Uj v j e C (*'■ e - — 0) anc ^ x = Sj=i ^j^i e W- 27ien x, y 
pierces C if and only if Xj > whenever yj = (1 < j < r). 

5.4. Piercing and the c CT 's. With notation as in Proposition [Til let us define 
c a C as the (closed) polytope with vertices (fi >a := £(fi+i >a ) (0 < i < n — 1), 

C CT := P{ipo t<T ,ipi,a, ■ ■ ■ ,<^>n-l,a) = /(At) = A a (D a ) ((7 G S^-l) . (26) 

Our notation is somewhat misleading. We define the polytope c CT for all a G if> n _i. 
However, we defined c a C c CT only when 7^ (see (fT3j) and ([2])). It will prove 
convenient to define c a to be empty when w a = 0. 

Lemma 15. T/ie polytope c a defined in ( 126]) is an (n — 1) -simplex (i. e. its n vertices 
are affinely independent) if and only if w a 7^ 0. The affine map A a in ( )22|) is 
invertible if and only if w a 7^ 0. 

Proof. It suffices to prove that T , . . . , T^ G are linearly independent if and only if 
£(T ), £{T h ) G W^T 1 are affinely independent. So suppose £(T ), £{T h ) G 
are not affinely independent. Then for some w G IR n_1 , 



1; = ^ m(t<) = e w*)> E 6 * = 1 = E 6 ^ ^ ^ 6 ^ for some 

j=0 i=0 i=0 i=0 

Taking x := (t>, 1) G M", we have £(x) = v and, by Lemma [HI 

E {bi/T^)Ti = x = J2 {b'jT^n 



i=0 i=0 



showing that the T, are not linearly independent. 
Conversely, if = X^=o c *-^ with some Cj 7^ 0, then 

h h 

''J E^ 7 < E(''- ^ $ := if ^ J, ^ := !)• 

But then Lemma [HJ shows that £{Tj) has two distinct sets of barycentric coordinates 
with respect to £(T ), . . . , £{T h ). 

The final statement in the lemma follows from the last line of £15. 11 □ 
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When w a ^ 0, we defined in ( |T3l) a set c a lying between c CT and its interior, i. e. 

o 

c a C c a C c CT . If c CT has no interior, i. e. w a = 0, we defined c a = 0, the empty set. 
Our next aim is to describe c a in terms of piercing. 

Lemma 16. For z G IRfT 1 , we have z G c a if and only if 0, z pierces c CT . 

Proof. If z ^ c CT , then by definition 0~2 does not pierce c a . As c CT C c CT , the lemma is 
clear in this case. If w a = 0, there cannot be piercing as c a has an empty interior. 
Since c a = when w a = 0, the lemma is also obvious in this case. Thus we may 
assume z G c a and w a ^ 0. We can then write e n := [0, . . . , 0, 1] G lR n in the basis 

h, a, fn,a of R n as e n = Ya=i <k(en)fi,*, Ci(e n ) e R. We have e„ G Hf a if and 
only if Q(e n ) > (see footnote EJ). Lemma El applied to = £(e n ), shows that the 
barycentric coordinate 6j(0) of with respect to the affine basis <fo,a, ■ ■ ■ , fn-i,c has 
the same sign as Cj+i(e n ) (0 < i < n — 1). Thus e n G H^ +1 a if and only if 6j(0) > 0. 

Write z G c CT as z = Y^=o h{z)fi,a, k{z) > 0, Y!iZoh{z) = 1. Suppose z G c CT . 
By definition of c CT (see (EES)), if h{z) = 0, then e n G H~£ >rl , i. e. fej(0) > 0. Lemma 

[T31 now shows that 0, z pierces c a . 

Conversely, if 0, z pierces c CT , Lemma IT3l shows that if bi(z) = 0, then 6^(0) > 0, 

i. e. e n G Hf +1 a . Thus z G c a . □ 

The next result justifies our description in JQof the cone C a (see (jl])) in terms of 
piercing the closed cone C a := Ym=\ R>o • /i,<r by a line segment from e n . 

Lemma 17. For x G we have x G C CT if and only if e n , x pierces C a . 

Proof. As in the previous lemma, the cases w a = or x ^ C a are trivial. When 
w a ^ 0, we can write e n = XT=i c *( e ™)A^ and x = J27=i c i( x )fav But c i( x ) - °> 
as i G Co-. Suppose a; G C^. Then, by (jlj), q(o;) = implies e n G i?^, i. e. 
Cj(e n ) > 0. Lemma [14] shows then that e n , x pierces Co-. Conversely, assume e n , x 
pierces C a . Then, by Lemma [HI Ci(x) = implies Cj(e n ) > 0, i. e. e n G Hf a . But 
then a; G C a . □ 

The affine subspaces h^ a extending faces of the polytope c a = f(D a ) are 
h i>a :={ E bjtpj^ EM"' 1 bj ER, E h i = l ] (0<z<n-l). (27) 

0<J<n-l 0<j<n-l 

We show next that none of these affine subspaces contains 0. 

Lemma 18. The origin o/M n_1 does not lie on any h i(J (0 < i < n — 1, a G S n -i). 
Proof. Suppose otherwise. Then for some i and a we have 







E ^-v- E 6 i = 1 )" 

0<j<n-l 0<j<n-l 
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Since <pj >a := £(fj + i >a ) (0 < j < n — 1) and = £(e n ), Lemma M applied to x = e n 
and Tj = f j+1>a (j ^ i), shows 



C rf~ 



j + l,<T 



ca g 



0<j<n-l 



This contradicts Lemma [9j □ 

6. Maps between tori 

We will show that IR™ -1 /V is homeomorphic to an {n — l)-torus and that the 
piecewise affine map defined in Proposition [TT] descends to a map F between (n — 1)- 
tori. We then show that F is homotopic to a homeomorphism Fq. 

To distinguish domains we let 

LOG : WlT 1 lR n_1 , (LOG xj % = log x {i) (1 < % < n - 1), (28) 

Log : Rl R n -\ (Log ar) W = log x (<) (l<i<n-l). (29) 

As in Theorem [1], we assume given independent totally positive units Ei, . . . , e n _i in 
a totally real number field k of degree n > 2. We let £j = G 1R" _1 (see (TTTT)) . 
We now relate the signed regulator of the Ei to that of the £«. 

Lemma 19. 

det(LOG Ei, . . . , LOG £ n _i) = ndet(Log e 1( . . . , Log £„_i), (30) 

where det(vi, t>2, . . . , fn-i) is determinant of the (n — 1) x (n — 1) matrix having 
columns Vi G M n_1 . In particular, neither of the above (n— 1) x (n— 1) determinants 
vanishes, both have the same sign, and A := X^] 1 ^'LOG e~j C IR n_1 is o/ui/ lattice. 

Proof. This is proved in |DF] , but we repeat the proof here for completeness. Using 



n 



l/^i = rifci e i > dSOD reduces to showing n = det (/ n _i + -B n -i), where the 
1) x {n — 1) matrices I n -\ and B n _i are, respectively, the identity and the matrix 
whose entries are all 1. Butdet(A/„_i-S n _!) = \ n - 2 {\~(n-l)) , usine; the obvious 
eigenvalues and n — 1 of B n -\. Substituting A = — 1 concludes the proof. □ 

By Proposition HH(iii), the map / : J n_1 -> IR'™ -1 satisfies /(E;^ e i) = on 
the vertices of the hypercube, i. e. when 6, = or 1 for all i. There is another map 
fo : I n ~ l — >■ M" _1 that trivially satisfies this on all of J™ -1 , 

n— 1 Ti—l 

(/o(^)) (i) :=n(^ } ) 6i (l<J<n-l, ^ = E 6 ^' O^^^ 1 )- ( 31 ) 

i=l i=l 

The map /o also satisfies (ii) of Proposition [TT1 i. e. 

/o(x + = ei/ (ar) (z G I™" 1 and ar + a G J"- 1 ). (32) 

On taking LOG it is clear from Lemma [19] that fo is the restriction to J n_1 of a 
homeomorphism between ]R n_1 and IR+ -1 (given by ( 13T1) . but with 6, 6l). 
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Let 



T 



rn—l 



A 



n— 1 Injn— 1 



IP-7Z 



(33) 



be the quotient space of I n by the closure of the relation x ~ x + e*, whenever 
x,x + ej G I n ~ l . This is the usual model of the standard torus R n_1 /Z n_1 as the 
cube I n ~ l with opposite points identified. By Lemma [T9l T is homeomorphic to the 
torus 



T :-- 



nn—l 



/v 



I (^1) • • • , £n-l) 



nn—l 



/(LOG £1,..., LOG e n _i). (34) 



The explicit homeomorphism Fq : T — > T is just the map induced by /o on the 
quotient tori. Part (ii) of Proposition [11] insures that / also induces a continuous 
map F : T — > T. The situation is summarized in the commutative diagrams 



rn— 1 



T 



F 



nn — l 



T 



rn—l 



T 



qr 1 



T 



(35) 



where 7? and 7r are the natural quotient maps. 

The set /o([0, l) n_1 ) C IR™ -1 is an obvious fundamental domain for the action of V 
on We will show in £j8]that this fundamental domain with curved boundaries 

can be deformed by a homotopy into a signed fundamental domain composed of 
(partly closed) polytopes. The first step towards proving this is to find a homotopy 
between the maps F and F on the tori. 



Lemma 20. Suppose go and g\ are continuous maps from F 



n-l 



[0,1 



\n-l 



to 



nn—l 



such that for any standard basis vector ej ofW 1 1 , gi(x + ej) = Ej ■ gi(x) whenever 
x G J n_1 and x + Cj G J n_1 (i = 0, 1). Let Gi : T — )■ T be the map induced by g^ 
on the tori defined in f)33p and (1341) . Then Gq is homotopic to G\. In particular, 
the maps F : T — > T and Fq : T — > T between (n — l)-tori defined by (1351) are 



Proof. For < t < 1, define g 4 : J 



n-l 



nn—l 



by flf t («) 



Clearly, (t,x) — )■ ^(x) is continuous. If x G F l and x + e^- G J n , then 
g t (x + ej) = (l-t)g (x + e j )+tg 1 (x + e j ) = (1 - t)e, ■ g (x) + tej ■ g x {x) = 
Thus g t descends to a homotopy G t : T — > T between Go and G\. 



□ 



7. Review of topological degree theory 

Algebraic topology gives an elegant approach to degree theory using homology 
groups. More elementary (homology- free, but far longer) treatments of degree theory 
[OR, §111] first define the degree of a proper smooth map at regular values, and then 
apply an approximation process to define the degree of a proper continuous map. 
Our application of degree theory in £JH] will concern the local and global degrees of 
the map F : T — > T in (I3"5"j) . This map is proper and continuous, but not everywhere 
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different iable. However, every point of T is the limit of regular values of F, so we 
will still be able to compute the local and global degrees of F. 

There are several textbooks devoted entirely to degree theory, but we shall only 
need to draw on a few pages of Dold's algebraic topology textbook [Dolt pp. 266- 
269]. These pages rely on basic singular homology theory, such as excision and 
homotopy invariance [Doll Ch. II — III, pp. 16-46] \Gie\ §8-15, pp. 35-68], and the 
calculation of the relative singular homology group [Dolt Ch. VIII, §2.6, 3.3, 3.4] 



Here M is an orientable r-dimensional manifold and H r (Y,X) = H r (Y, X; Z) de- 
notes the r th relative singular homology group with Z-coefficients of the topological 
space Y mod its subspace X [Doll Ch. Ill, §3.1] [Grel §13]. This fact underlies the 
definition in §7.11 below of the topological degree in terms of the fundamental class 
of a compact set and explains the crucial local-global principle in Proposition (jUJ) 
below. In particular, if P G M we have H r (M, M — P) = Z (but this has an easy 
proof [Doll Ch. VIII, §2.1]). 

An isomorphism of homology groups (always taken with Z-coefficients) will some- 
times be written ^ or ^ to indicate that it is induced by an inclusion of topological 
spaces. By an r-manifold M r we mean an r-dimensional topological manifold with- 
out boundary. Our manifolds will all have the same fixed dimension r, so we often 
write M for M r . 

7.1. Basic properties. If M is an r-manifold and P G M, we will write o P for a 
choice of one of the two generators of H r (M,M — P) = Z. We will assume that 
all our manifolds are orientable and oriented, i. e. we assume given a consistent 
("locally constant") choice of o P = o P (M) for all P G M [Doll Ch. VIII, §2.9]. An 
oriented open subset W C M has the orientation induced from M if for all P G W, 
the isomorphism H r (W, W - P)^H r (M,M - P) maps o P (W) to o P (M). We will 
call such a W an (oriented) r-submanifold. If M is orientable and connected, an 
orientation on an open subset W determines a unique orientation on M, i. e. the 
one for which the given orientation on W coincides with the one induced from M. 
In fact, on a connected orientable r-manifold M, a generator o P G H r (M,M — P) 
for a single P G M determines a unique orientation on M satisfying o P (M) = o P . 

More generally, for a compact non-empty subset K C M of an (oriented) r- 
manifold M, the fundamental class ok = ok{M) of K can be characterized as the 
unique element of //,.( .!/. M — K) mapping to o P (M) G H r (M,M — P) for every 
P G K [Dolt Ch. VIII, §4.1]. Here the map on homology is induced by the inclusion 
of pairs (M, M - K) -> (M, M - P). If K is empty, o K ■= 0. If K is connected and 
not empty, o K is a generator of H r (M, M - K) = Z [Doll Ch. VIII, §4.1]. 

If G : N — > M is a continuous map between two oriented r-manifolds and K C M 
is connected, non-empty and G~ X (K) C N is compact, we define the degree of G 
over K as the unique integer deg K (G) such that the induced map on homology 



[Grel §22, Cor. 22.26, p. 121] 



H r (M,M-C) £ 




if C is compact and has t connected components, 
if C is connected, but not compact. 



(36) 
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G* : H r (N, N - G-\K)) ->■ H r (M, M - K) satisfies 

G* (o G -i (A -)) = de gx( G ) • °x • ( 37 ) 

Often, instead of listing the above assumptions on K and G, we shall simply say 
that deg K (G) is defined. Note that if N — M (with the same orientation) and Id is 
the identity map, then deg x (Id) = +1. 

We now give the main properties of the topological degree. Some of these obvi- 
ously follow from the others, but we give them anyhow for later reference. 

Proposition 21. Suppose G : N — >■ M is a continuous map between two oriented 
r -manifolds, and suppose K C M is a connected, non-empty compact subset of M 
with G~ X {K) C N compact. Then deg K (G) is defined and the following hold. 

(1) (Degree over subsets) If I C K is a connected, non-empty compact subset 
of K, then deg / (G) is defined and deg J (G) = deg K (G). 

(2) (Shifting points) If P and Q are points in K, then deg P (G) and degQ(G) 
are defined and deg P (G) = degg(G). 

(3) (Maps missing a point of K) If K <£ G(N), then deg^G) = 0. 

(4) (Homotopy invariance) Suppose : iV x [0, 1] — > M is continuous and 
Q-\K) C N x [0, 1] is compact. Define Q t : N -> M as Q t (n) := B(n,t) 
and suppose G = ©o- Then deg x (©i) is defined and deg K (G) = deg K (Q\). 

(5) (Global degree for proper maps) // G is proper (i. e. G~ l (L) C 

is compact for any compact L C M) and M is connected, then deg L (G) is 
defined for any connected, non-empty compact subset L of M , anddeg L (G) = 
deg K (G). We let deg(G) := deg L (G) for any non-empty compact subset 
LcM. 

(6) (Compact case) Suppose N is compact and M is connected. Then deg L (G) 
is defined for any non-empty, connected compact subset L C M. Moreover, 
if G' : — > M is homotopic to G, then deg(G) = deg(G'). 

(7) (Composition) If N' is an oriented r -manifold, g : N' — >■ is proper and N 
is connected, then deg K (Gog) is defined and deg K (Gog) = deg K (G) -deg(g) . 

(8) (Homeomorphisms) If G is a homeomorphism between connected man- 
ifolds, then deg(G) = ±1. In fact, deg(G) = +1 if and only if G is 
orientation-preserving, i. e. G*{op(N)) = og(p){M) for some (and therefore 
any) P e N. 

(9) (Local-global) Suppose Ui C N (1 < i < t) are r-submanifolds (i. e. open 
subsets with the induced orientation) such that 

t 

G-\K) c |J Ui, U n Uj n G-\K) = (i^j). 

1=1 

Let Gjji denote G restricted to Ui. Then deg K (Gui) is defined and 

t 

deg K (G) = J2 de &K(G Ut ). 

i=i 
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(10) (Shrinking the domain) Assume C U, where U G N is an r- 

submanifold, and let Gjj denote G restricted to U . Then deg K {Gu) is defined 
and deg K (Gu) = deg K (G). 

Proof. Claims ©, © and fl3J are proved in [Ddl Ch. VIII, §4.4]. To prove Q [Dd, 
Ch. VIII, §4.10, Exercise 3], let 

K' := {n G N\ Q(n,t) G K for some t G [0, 1]} 

be the projection to N of the compact set <d~ l (K) C N x [0,1]. Thus K' C N 
is compact and ©^(if) C K' (0 < t < 1). Hence gives a homotopy of pairs 
O t : (N,N — K') (M, M — K). Passing to homology, by homotopy invariance 
[Doll Ch. Ill, §5.2], 

©o* — ©1*- 

Since Q^ l (K) C K' is a closed subset of a compact set, O^^K) is compact and so 
deg^(6i) is defined. Also (BqU Ch. VIII, §4.3], 

e u (o^(iV)) =deg K (e t )-o K (M). 

Combining the last two displays, we have 

deg K (®o) • o K (M) = Q .(o K ,(N)) = Q u (o K ,(N)) = deg^(9 1 ) ■ o K (M). 

Since G = O , we find deg K (G) = deg x (6 ) = deg K (61), proving (@J. 

Claims (jSJ) and ([7j) are proved in [Doll Ch. VIII, §4.5-4.6]. Claim (jSJ) follows from 
(j3J), with L := G(P). To prove ([6]), note that any continuous map from a compact 
manifold is proper. Also, if is a homotopy between G and G', and Q G M, then 
© _1 (<5) C [0,1] x N is compact, as N is assumed compact. From flSJ) and (JH), 
deg(G) = deg Q (G) = deg Q (G") = deg(G'), proving ®. 

To prove (jSj), let U := N — G~ l {K). Then [7 is an open subset of N and 
Z7 n Ui n G-^X) = for i ^ 0. Also, U! =0 Ui = N, so by [Ei Ch. VIII, §4.7], 

t 

deg x (G) = ^deg x (G c/i ). 

i=Q 

But deg^(GV ) = by (jSJ), as G(U ) (jL K, so we have proved (J9J). 

Claim ([TDD follows from © with t = 1. □ 

7.2. Local degree. Suppose G : V — > M is a map between oriented manifolds and 
that p G V is an isolated point of G -1 (G(p)) . Thus there is an r-submanifold V C iV 
(i. e. an open subset with the induced orientation) such that G _1 (G(j»)) fl V = {p}. 
Then deg G ^(Gy) is defined, where Gy is G restricted to V. If V"' C N is another 
r-submanifold such that G~ 1 (G(p)) DV' = {p}, Proposition [21] (flOl shows 

deg G(p) (G y ) = deg G(p) (G yny /) = deg G(p) (G v ,). 

Hence deg G ( p )(Gy) depends only on p and G, so we shall write 

locdeg p (G) := deg G(p) (G v ) (p G N, Vn G^G^)) = {p}), (38) 

and call locdeg p (G) the local degree of G at p. 
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If G is a local homeomorphism at p (i. e. G restricted to some open neighborhood 
of p is a homeomorphism onto its image), then locdeg p (G) is certainly defined and 
equals ±1 by Proposition EH (jSJ). If G : iV — > M is a homeomorphism between 
connected manifolds, we have by Proposition EH flSj) an d (fTUj) , 

locdeg p (G) = deg(G) (p E N). (39) 

If g : N' — > N and G : iV — > M are local homeomorphisms at p ; G iV' and at 
g(p') E iV respectively, then Proposition [21] (J7|) shows that 

locdeg p , (Gog) — locdeg s(?/) (G) ■ locdeg p , (g) . (40) 

We now prove the standard formula for the degree of a local diffeomorphism of 
Euclidean space. This formula is often taken as the starting point for the definition 
of the local degree of a map between smooth oriented r-manifolds. We include a 
proof since Dold |Dol] does not treat the differentiable case. 

Proposition 22. Fix an orientation on W and give the open subset U C R r the 
induced orientation. Let G : U — >■ W be continuously differentiable and suppose that 
at some 7 E U, the differential dG 1 : W — > W of G at 7 is an invertible linear 
transformation. Then locdeg 7 (G) is defined and 

locdeg 7 (G) = sign(det(dG 7 )). (41) 

We note quite generally, that if G : U — > M and U C M is an r-submanifold (with 
the induced orientation) of an oriented r- manifold M, then deg^-(G) (when defined) 
is independent of the choice of orientation on M. Hence it is not surprising that 
locdeg 7 (G) in fT4T]) is independent of the orientation on W. 

Proof. We first compute the degree of a translation T a : W — > W given (for some 
fixed a E W) by T a (v) := v + a for v E W. Let : [0, 1] x W -»■ R r be defined by 
0(t, v) := v + ta. Then 6~ 1 (0) = {(t, —ta) \ t E [0, 1]}, a compact set. Hence, by 
Proposition EH g]), 

deg (T Q ) = deg (6 1 ) = deg (9 ) = deg (Id) = +1 (Q t (v) := Q(t,v)), 

i. e. translations have (global and local) degree +1, in agreement with fT4T]) . 
Next we consider an invertible linear function T : IR r — > W and prove that 

locdeg 7 (T) = sign(det(T)). (42) 

If det(T) > 0, there is a continuous path T t E GL(r, R) connecting T = T to 
the identity map Id = 7\. In Proposition EH Q, let 6 : [0,1] x R r -> R r be 
defined by @(t,v) = T t (v). Then _1 (O) = {(t,0)| t E [0, 1]}, a compact set. Hence 
deg(T) = deg(T ) = deg(Ti) = deg(Id) = +1. If det(T) < 0, there is a continuous 
path Tt E GL(r, R) connecting T to a reflection T\ across a hyperplane though 0. 
Here an explicit calculation with simplices shows that deg(Ti) = —1 |Dol[ Ch. IV, 
§4.3]. 

We can now prove Proposition [22] By the inverse function theorem, G is a local 
diffeomorphism in some neighborhood of 7, hence the local degree of G is certainly 
defined at 7. In view of (j4"0j) . after composing with translations we can assume that 
7 = and G(0) = 0. Since we already know (141 j) for linear maps, by considering 
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cIGq 1 o G, ( l4"0j) shows that we may assume dGo = Id. After these simplifications, 
the proposition will be proved once we have locdeg (G) = +1. 

To calculate the local degree of G at 0, we may restrict G to any small enough 
open ball B := {x G W\ \\x\\ < <5}, where || || denotes the Euclidean norm on R r . 
Since G is differentiate at and dGo = Id, for some 5 > we have G(x) = x + w(x), 
where \\w(x)\\ < \\x\\/2 for x G B. Also, w(0) = = G(0). Define 6 : [0, l]xB 
by 9(£, x) := x + tw(x), so that Qo( x ) '■= @(0, s) = s and 6i(x) := 9(1, x) = G(x) 
for x £ B. Note that 0(t, x) = if and only if x — since, for x £ B and < t < 1, 

||0(t,x)|| = + > - ||tw(x)|| > ||x|| - ||x||/2 > (i/ 0). 

Hence 6 _1 (0) = {(t, 0, ) £ G [0,1]}, a compact set, and so homotopy invariance 
gives locdeg (G) = locdeg (Id) = +1, as claimed. □ 

8. Proof of main theorem 

We have shown (see Proposition [TD] and Definition H]) that to prove Theorem [Tj, 
we need to prove the basic count 

E E w ° = 1 (43) 

and that the number of elements of c CT D V ■ y is bounded independently of y. This 
latter part is clear on applying the isomorphism LOG : R™ -1 — > IR n_1 . Indeed, 

LOG(c CT ) has closure LOG(c CT ), a compact set, and LOG(V) is a lattice (see Lemma 

US}. 

We will prove (|43l) by showing that it is an instance of the local-global principle 
applied to the map F : T — )• T defined in fl35l) . It is not hard to calculate the global 
degree of F since F is homotopic to the much simpler map Fq, also defined in fl35l) . 
The calculation of the local degree of F at a generic point will prove straight-forward, 
yielding fH31) for a generic y G R+ _1 . 

To deal with the remaining y (those whose l^-orbit intersects a boundary piece 
of some c CT ), we will approach y along the segment 0, y and show that its points are 
generic when they are sufficiently close to y. This will allow us to conclude that ( ]43l 
also holds for y. 

8.1. Global degree. We fix once and for all an orientation of R™^ 1 and use it 
to fix orientations on the (n — l)-tori T and T in fl33|) and (l3l"|) as follows. Since 
7? : [0, l]™ -1 — > T restricted to (0, l) n_1 is a local homeomorphism and tori are 
connected and orientable, we orient T by declaring tt to be orientation-preserving. 
Here the open subset (0, l) n_1 c R n_1 is given the induced orientation. Thus the 
local degree of 7? at any point of (0, l) n_1 is +1. Similarly, we orient T = ^(R"" 1 ) 
by giving R^T 1 C R n_1 the induced orientation, declaring the local homeomorphism 
7T : R™ -1 — > T to have local degree +1. 
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Lemma 23. Let ej, . . . ,e n -i be independent totally positive units of a totally real 
field k and let F : T — >■ T as defined in fl35l) . TTien deg(P) zs defined and 

deg(P) = sign(det(Log e 1; Log e 2 , • • • , Log e n -i)) = ±1, (44) 

where det(v i, ?;2, . . . , f n -i) is the determinant of the (n — 1) x (n — 1) matrix having 

columns Vi G R™ -1 , and Log : R™ — > R" -1 gwen fry (Log x)^ = log a;^ (1 < 
j < n - 1). 

Before proving the lemma, we note that deg(P) = ±1 ^ implies that F is surjective 
(use Proposition I2T1 with K = N = T and G = F). Since 7? is surjective, we see 
from fl3"5]) that ir o / = 7? o F is also surjective. Since the image of / is the union of 
the polytopes c a , this means that every orbit V ■ y C M™ -1 must intersect at least 
one c a , i. e. {J aeS c a contains a true fundamental domain for V acting on IR" -1 . 

Proof. By Lemma |20| F and F Q are homotopic maps between compact, connected, 
oriented manifolds. By Proposition [21] dSJ), their degrees are defined and deg(F ) = 
deg(-F). Hence it suffices to show that deg(F ) is given by the sign of the determinant 
in (ltlj). 

Since F is a homeomorphism of connected manifolds (see (USD), (J39D shows 

deg(F ) = locdeg 5f(P) (F ) 

for any P G (0, By (1351) . F Q o 7? = 7r o / , and /o is a local homeomorphism 

around P. Recall that is a local homeomorphism everywhere and 

7T : [0, l] n_1 — > T is a local homeomorphism at all P G (0, l) n_1 . Since we have 
oriented T and T so that the local degree of 7? and 7r is +1, by (pEOl) we have 

deg(Po) = locdeg^ (P) (P ) = locdeg P (/ ) (P E (0, 1)"" 1 ). 

To compute the latter degree note that by Proposition [221 the diffeomorphism LOG : 
R^T 1 R n_1 in (TJHD has local degree +1. Thus 

deg(P ) = locdeg P (/o) = locdeg P (LOG o f ) = sign(det(LOG ei, . . . , LOG £„-i)), 

since LOGo/ : R n_1 — y R n_1 is an invertible linear map taking the basis element 
to LOG Ei (again use Proposition [221 . Lemma [T9l shows that the above determinant 
has the same sign if we replace LOG £j by Log £j. □ 

8.2. Proof of the basic count for generic points. We first calculate the local 
degree of F at points where it is a local diffeomorphism. 

Lemma 24. If x is an interior point of the simplex D a and w a 7^ (see (T2UD and 
(J2D) ; then the local degree of F at 7r(x) is defined and 

locdeg ff(:r) (P) = v a := (-l) n-1 sgn(o-) ■ sign(det(/i >(T , / 2l<7 , . . . , f n ,*)), (45) 

where sign(det(f 1, V2, ■ ■ ■ ,v n )) is the sign of the determinant of the n x n matrix 
having columns G R n , and sgn(a) = ±1 is the sign of the permutation o G S n -\. 
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Proof. Recall from ( 135|) that F o 7? = 71 o /, with / as in Proposition (TTJ Since 
/ restricted to D a is the affine map A a , which by Lemma [IS] is a bijection when 
w a 7^ 0, it is clear that / is a local diffeomorphism around x. But tt and 7r are also 
local diffeomorphims of degree +1, so F is a local diffeomorphism around 7r(x). By 
fl40|) and Proposition |22l 

locdeg~ (x) (F) = locdeg^/) = sign (det (L CT )), (46) 
where L a : W 1 ^ 1 -»■ M n ~ 1 is the linear part of In the basis {^j,*}^ 1 of R" -1 , 

L a {(j>i,a) = A a ((j)i^)-A a (0) = = i(fi+l,<r) - ln-1 (ln-1 : = (1, 1, ... , 1)), 

where we used (l2"Tj) . (12"2"I) . o ,o- := and the paragraph following (IT?]) . 

We now compute det(L (T ). Let {e^}^ be the standard basis of IR n_1 . From (1211) . 

0i,<r := Ei<i e <70')> so 

L a {e a (i)) = = -M0i, CT )--M0i-l, CT ) = <Pi,a-<Pi-l,a (1 < « < n~l). 

Let P CT : M n_1 — > be the linear map determined by P a (ei) := e^, so that 

det(P cr ) = sgn(a). We have just shown that 

sgn(a) det(L (J ) = det(L CT o P CT ) = det (cp 1>a - yj ,<x, <p2,o ~ ¥1,*, • • • > ¥V»-i,<t - <Pn-2,a) ■ 

Adding the first column above to the second, then the second to the third and so 
on, we find using <£ , CT = l n _i, 

sgn(cr) det(L CT ) = det (ip 1)(T - l n _i, ip 2 ,a - U-i, • • • , Vn-i,a ~ ln-i) • (47) 

Since ipi >(7 = £(fi+i )0 ), the above (n — 1) x (n — 1) determinant is related to the n x n 
determinant in the lemma by the identity 

sign (det (l n , w 2 , • • • , w n ) J = 

(-l^sign^et^) - l n -!^W - l„-i, • • • ,£(w n ) ~ ln-i)), (48) 

valid for any u>j G lR n with u?- n ^ > (2 < i < n)o 

Combining (1461) . (14 7p and (I48p gives the lemma. □ 

We now prove the basic count (j4"3]l at a generic point, i. e. for y G 1R™ _1 — B, where 
B:= |J Bp , £ ff := IJe-^. (49) 

Note that c CT C i3 when ^ = 0, for then c a coincides with its boundary dc a . 

Let a := n(y) G T — 7t(jS). By the remark immediately following Lemma l23l 
F _1 («) 7^ 0. Let 5 G F _1 («) C T, and suppose x G [0, l] n_1 satisfies 7?(x) = 5. 
Then a = F(tt(x)) = ir(f(x)). If we had x G dD a for some a G S^-i, then 
/(x) G f(dD a ) C <9c CT C £>, contradicting a £ 7t(jB). Thus, x ^ <9-D CT for any 
a G SVi-i- Similarly, x ^ _D CT for any cr G Sn-i such that w CT = 0. If w a 7^ 0, the 

4 To prove (|48p. start with the matrix (l n , 102, . . . , w n ), divide the i th column («. e. w^) by 
for 2 < i < n. This makes no change in the sign of the determinant as > 0. Now subtract the 
first column l ra from each of the other columns and expand by the last row. 
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map / = A a (see Proposition UTi) gives a bijection between the interior of D a and 
the interior of c CT . It follows that / is a local homeomorphism in a neighborhood 
of x, as are n and n (the latter in a neighborhood of f(x)). Hence F is a local 
homeomorphism in a neighborhood of 5. Thus, 5 = n(x) with x in the interior of 
some D a , and w a ^ 0. Moreover, as n restricted to (0, l) n_1 is a bijection onto its 
image, there is a unique point x G 7? _1 (5). Also, /(x) is in the interior of c a , so 
f(x) G Co-. 

We now calculate using Lemma EH Proposition I211fl6|) and (jUJ), 

deg(F) = deg a (F) = ^ locdeg 5 (F) = £ ^ locdeg^ (F) 

SeF- 1 (a) ctg5„_i xGDa 



= E 


w - 


= E 


Y Y v ° 








x£D a aeS„-i x£D a 




F(5f(x))=a 






= E 




= deg(F) 


Y Y 


<TGSn-l 














deg(F)w ff 


by ©.IB 


and (USD 


. The main count (|43|). for y G M+~ 



since v a = deg(F)w a by ([2]).(jHl) and (jl5D. The main count (H2J), for y G - 23 
follows on dividing both sides by deg(F) = ±1. 

8.3. End of proof of Theorem [TJ, We now address ^/-orbits which may intersect 
the boundary dc a of some c a C W^T 1 . For y G M™ _1 and a G S^-i, define J a {y) C F 
as 

J a (y):={eeV\e-yec a }. (50) 

As noted at the beginning of §EJ ^(z/) is a finite (possibly empty) set for any 
y G R™ -1 . The point of defining J a is that 

J2 w a = w a C a rd(J a (y)) (yeRl~\ aeS n ^). (51) 

zec^nv-y 

Recall that we defined B a in (H9|) as the V^-orbit of the boundary of c a . 

Lemma 25. For y G and a G SVi-i; i/iere exists T a (y) G (0,1) stzc/i that 

T a (y) < t < 1 implies J a (y) = J a {ty) and ty ^ B a . 

Proof. We first deal with the J a 's. Suppose e G J a (y), soe-yE c a . Lemma [161 shows 
that 0, e ■ y pierces c a . By Definition [12], this means that there is some z = %(e • y), 

o 

with < t-g < 1, such that z G c^, z. e. 2 lies in the interior of c a . We cannot have 
tg- = as c CT C R™ _1 lies in the strictly positive orthant. If % = 1, then e ■ y itself is 

o 

interior to c CT , so we may reduce tg- so that < % < 1. As z = tg-(£ • y) G c a , the last 

o 

claim in Lemma [13] shows that t(e ■ y) G c a C c a for t?<t<l. As t(e ■ y) = e ■ ty, 
we have shown J a (y) C Ja(ty) for T < t < 1, where T := maxggj^) {%} < 1. 

We now prove that J a {ty) C J a {y) for all t < 1 sufficiently close to 1. Assume 
this is false. Then there is a sequence {tj}j, with < tj < 1, converging to 1 with 
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J a (tjy) <f_ Ja{y)i i- e. for each j there is some £j G V such that Sj ■ tjy G c CT , but 
£j • y ^ Co-. Since all but a finite number of e G V take a small neighborhood of 
y to the complement of c a , the range over a finite subset of V. By passing to 
a subsequence of the tj's (which we again denote by tj), we can assume Sj — £, a 

fixed element of V with e ^ J a (y)- By Lemma [TB| 0, e • tjy pierces c a . In particular, 
£• tjy G c CT . Since c a is closed and tj — > 1, we see that £ • y G c CT . But 0,e-tjy 

o _ > ^ 

intersects c a , as it pierces c a . Now, 0, e • y contains 0, e • ^-y, so it also pierces c a . 
But Lemma [TBI implies that e-y G c CT , contradicting e ^ J a (y)- Hence J CT (?/) = J a {ty) 
for allt < 1 near enough to 1, as claimed. 

We now prove the last claim in the lemma, namely that ty £ B a for all t sufficiently 
close to 1. If this is false, there is again a sequence {tj}j, with < tj < 1, converging 
to 1 such that tjy G B a , i. e. for each j there is some £j G V such that £j ■ tjy G dc a . 
Passing to a subsequence, we can assume that e ■ tjy G dc a for some e G V . But the 
boundary dc a lies in the union of the affine subspaces (see (1271) ) extending the 
faces of Ca (0 < % < n — 1). Passing again to a subsequence, we can assume that 
e- £j2/ G hi 0i(T , for a fixed i . Since h i0jO . is an affine subspace, and it contains more 
than one point on the straight line connecting and £ • y, it must contain the entire 
line. In particular, G hi 0>a , contradicting Lemma [181 □ 

We now conclude the proof of the main count (|43p for any y G The above 

lemma shows the existence of yo = yo(y) G M™ _1 such that J a {yo) = Ja{y) and 
yo £ B a for all a G S n -\. Thus y B := {J a B a . In particular, from the previous 
subsection, we know that (H3j) holds for y . Hence, using ( |5TT) . 



aeS n -i z&c a C\V-y ctSS„_i 



^ ^ CT Card(j (T (y)) = } j 22 w a . D 
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